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Streaming potential generated by a pressure-driven flow
over superhydrophobic stripes
Hui Zhaoa
Department of Mechanical Engineering, University of Nevada, Las Vegas, Nevada 89154, USA
Received 6 September 2010; accepted 13 January 2011; published online 1 February 2011
The streaming potential generated by a pressure-driven flow over a weakly charged slip-stick
surface the zeta potential of the surface is smaller than the thermal potential 25 mV with an
arbitrary double layer thickness is theoretically studied by solving the Debye–Huckel equation and
Stokes equation. A series solution of the streaming potential is derived. Approximate expressions for
the streaming potential in the limits of thin double layers and thick double layers are also given in
excellent agreement with the full solution. To understand the impact of the slip, the streaming
potential is compared against that over a homogeneously charged smooth surface. Our results
indicate that the streaming potential over a superhydrophobic surface can only be enhanced under
certain conditions. Moreover, as the double layer thickness increases, the advantage of the
superhydrophobic surface diminishes. In addition, the Onsager relation which directly relates the
magnitude of electro-osmotic effect to that of the streaming current effect has been explicitly proved
to be valid for thin and thick double layers and homogeneously charged superhydrophobic surfaces.
Comparisons between the streaming current and electro-osmotic mobility for an arbitrary electric
double layer thickness under various conditions indicate that the Onsager relation seems applicable
for arbitrary weakly charged superhydrophobic surfaces although there is no general proof.
Knowledge of the streaming potential over a slip-stick surface can provide guidance for designing
novel and efficient microfluidic energy-conversion devices using superhydrophobic surfaces.
© 2011 American Institute of Physics. doi:10.1063/1.3551616
I. INTRODUCTION
A pressure-driven flow drags excess counterions inside
an electric double layer EDL to move near a charged sur-
face, generating an electric current termed streaming current.
In the absence of an external electrical load, a streaming
potential is developed to balance the streaming current.1
With the external electrical load, electric energy is harvested
from the fluidic system.2 This idea of converting hydrody-
namics to electric power has received increasing interest with
the development of microfluidic and nanofluidic devices
which have an inherent advantage: high surface to volume
ratio.3–5 However, because only excess ions inside the EDL
contribute to the streaming current and the no-slip boundary
condition prevents the flow velocity from being substantial
near the surface, current microfluidic and nanofluidic devices
fall short of conversion efficiency and power density, limit-
ing such a promising technology from being practically
implemented.
To overcome the aforementioned limitations, hydrody-
namic slip at a charged surface has been proposed to increase
the efficiency by enhancing the electroconvection inside the
EDL.6,7 Recent experiments measured the slip length over a
smooth liquid-solid interface to be around the order of
nanometers.8–10 Since the enhancement of a pressure-driven
flow due to the slip is determined by the ratio of the slip
length to the height of the channel,11 nanometer slip length
can only be effective for systems with nanometer length
scales.
However, superhydrophobic surfaces covered with
micro- or nanostructures effectively trapping bubbles12,13 ex-
hibit an apparent slip length of orders of microns.14–17 The
liquid moves over trapped bubbles, providing a means to
reduce the friction.18–20 Due to its large effective slip length,
the superhydrophobic surface attracts many attentions and
both experimental and numerical studies have been exten-
sively carried out on pressure-driven flows over superhydro-
phobic surfaces.21–30
Accounting for the slip length of micrometers associated
with superhydrophobic surfaces, such surfaces seem to have
a promising future to improve the efficiency of energy-
conversion microfluidic devices. But consider the anisotropic
nature of superhydrophobic surfaces, the improvement is not
obvious. In fact, recent studies on electro-osmotic flows over
superhydrophobic surfaces are intriguing. For example, for
uncharged liquid-gas interfaces, although the presence of
bubbles reduces the friction, the amount of excess counteri-
ons inside the EDL also significantly decreases near the un-
charged no-shear region. Therefore, the electro-osmotic flow
induced by the action of an external electric field on excess
counterions inside the EDL may not be inevitably enhanced
by superhydrophobic surfaces. In fact, in the limits of thin
EDLs and small zeta potentials, Squires31 found out that an
electro-osmotic flow over a superhydrophobic surface with
uncharged liquid-gas interfaces is precisely the same as that
over a homogeneously charged no-slip surface. Later, Bahga
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et al.32 reached the same conclusion using a different ap-
proach when the zeta potential is small. At moderate or large
zeta potentials, the nonuniform surface conduction further
decreases the electro-osmotic flow with uncharged liquid-gas
interfaces which is smaller than its no-slip counterpart.33
Flow enhancement likely happens with charged liquid-gas
interfaces.31–33
Because the streaming potential results from the interac-
tion of a pressure-driven flow and excess counterions inside
the EDL, the interplay between the enhancement of the flow
rate and the effect on excess counterions inside the EDL due
to trapped bubbles should have an impact on the streaming
potential. So far, this impact has not been reported in litera-
ture yet. One may speculate that according to the Onsager
relation which directly relates the magnitude of electro-
osmotic effect to that of the streaming current effect, the
streaming current per pressure gradient is the same as the
electro-osmotic mobility1 and the streaming potential may be
directly deduced from the electro-osmotic mobility. How-
ever, there is no general proof that the Onsager relation holds
for superhydrophobic surfaces. Thus, for both fundamental
and practical significance, it is worthwhile to examine the
consequence of the slip on the streaming effect over super-
hydrophobic surfaces.
In this paper, we provide analytical solutions for the
streaming potential over a charged superhydrophobic surface
with an arbitrary double layer thickness in a thick channel
and in the limit of small zeta potentials. In Sec. II, we derive
expressions for the electric potential and the flow velocity by
solving the Debye–Huckel and the Stokes equations, respec-
tively. Next, formulas for the streaming current and stream-
ing potential are presented in Sec. III. In Sec. IV, we discuss
the effect of a superhydrophobic surface on the streaming
potential in the limits of thin and thick EDLs, its implication
for energy conversion and Onsager relation. Section V
concludes.
II. MATHEMATICAL MODEL
Consider a pressure-driven flow in a rectangular channel
containing periodically slip-stick stripes. The flow direction
can be either longitudinal or transverse to the stripes. The
size of the periodic cell is W. The width of the no-shear
region is W. The channel’s height is 2H. Here we assume
HW. In other words, we consider the case of a thick chan-
nel. The channel is filled with a 1-1 symmetric electrolyte
with permittivity 1. Zeta potentials of no-slip and no-shear
regions are, respectively, NS and S. Assume that the flow is
fully developed. Here we assume that the liquid-gas interface
is flat and no-shear. Detailed justification of these assump-
tions has been presented in Ybert et al.30 Briefly, when sur-
faces with roughness are made of grooves Fig. 1, and the
viscosity of the gas is much smaller than that of the liquid,
the curvature effect and the finite dissipation within the gas
phase are not important.30 We use the Cartesian coordinate
x ,y with its origin at the bottom of the channel. Figure 1
depicts the geometry and the coordinate system.
A. Electric potential
Electric double layers are developed near charged
surfaces.1,34,35 The electric potential V inside the EDL
obeys the Poisson–Boltzmann equation. For a weakly
charged surface RT /F=25 mV at room temperature,
the Poisson–Boltzmann equation can be further reduced to
the Debye–Huckel equation,
2V = 2V . 1
The boundary conditions are V=NS on the liquid-solid in-
terface and V=S on the liquid-gas interface. Above, all the
variables are dimensionless. We use W as the length scale
and RT /F as the electric potential scale. =1 /D
=1 /W1RT /2FC0, the inverse Debye screening length nor-
malized with the length of the periodic cell W. C0 is the
solute’s bulk concentration; R is the ideal gas constant; F is
the Faraday constant; and T is the temperature.
Consider the periodic nature along the x direction
Vx ,y=Vx+1,y and the symmetry with respect to x=0,
one can expand V in a Fourier cosine series,
Vx,y = ¯ + 
n=1
	
Anycos2n
x , 2
where ¯= 1−NS+S is the average zeta potential. Equa-
tion 2 can be easily solved by separation of variables and
yields32
V = ¯e−y + 
n=1
	 2S − NSsinn

n

cos2n
xe−
2+2n
2y
. 3
FIG. 1. Color online a A schematic of the geometry
and the coordinate system. b The situation in a can
be approximated by a periodic cell of size W.
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B. Hydrodynamics
1. Longitudinal stripes
Since the Reynolds number associated with microfluidic
flows is typically small and the flow is fully developed, the
axial velocity u satisfies the dimensionless Stokes equation,
2u = − 2/H2. 4
Above, the velocity is normalized by the maximum velocity
occurring at the center of the channel. The velocity at the
no-slip region obeys the no-slip condition u=0 and the
velocity at the no-shear region satisfies the perfect-slip con-
dition u /y=0. For convenience, u can be written as a
superposition of the standard Poiseuille flow with no-slip
walls and the correction due to the no-shear region,
u = 2y − y2 + uˆ , 5
where =1 /H. Similar to V, uˆ can be again expanded as a
Fourier cosine series,
uˆ = a0 + 
n=1
	
an cos2n
xe−2n
y . 6
The boundary conditions of uˆ on the perfect-slip and no-slip
regions become
2 − 
n=1
	
2n
an cos2n
x = 0, 0 x /2 7
and
a0 + 
n=1
	
an cos2n
x = 0, /2 x 1/2, 8
respectively. The above dual series can be solved exactly29,36
to obtain
a0 =
2


lnsec
2 		 9
and
an =





0


tant/2Pncos t − Pn−1cos tdt , 10
where Pn is the nth order Legendre polynomial. The effec-
tive longitudinal slip length  deduced from the increase in
the flow rate due to the slip is equal to a0 /2=a0 /2.
2. Transverse stripes
For transverse stripes, the pressure gradient depends on
the axial variable x and it is convenient to define a stream-
function x ,y by
u =

y
, v = −

x
. 11
To facilitate the derivation, one can decompose this linear
Stokes problem into a superposition of a parabolic flow and
a perturbation to the parabolic flow,
x,y = Py + ˆ x,y, Py = y2 − 2
y3
3
. 12
The boundary conditions for ˆ over the superhydrophobic
surface are
ˆ = 0, 13
2 +
2ˆ
y2
= 0, 0 x /2, 14
and
ˆ
y
= 0, /2 x 1/2. 15
To determine the streamfunction ˆ , we can first calculate the
perturbation vorticity ˆ since the streamfunction satisfies
2ˆ
x2
+
2ˆ
y2
= ˆ . 16
The equation of the perturbation vorticity ˆ can be obtained
by taking the curl of the Stokes equation,
2ˆ
x2
+
2ˆ
y2
= 0. 17
The solution of Eq. 17 can be found by using separation of
variables,
ˆ = 
n=1
	
cn cos2n
xe−2n
y . 18
To derive Eq. 18, we have used the condition ˆ is zero
when y→	.
With ˆ, the streamfunction ˆ can thus be expressed as
ˆ = c0y + d0 + 
n=1
	
cos2n
xfny . 19
By substituting Eq. 19 into Eq. 16, one can obtain
fn − 2n
2fn = cne−2n
y . 20
The perturbation streamfunction ˆ is therefore given by
ˆ = b0y + 
n=1
	
bn cos2n
xye−2n
y . 21
Above, bn=−cn /4n
 and b0=c0. To derive Eq. 21, we
have used ˆ =0 at y=0, corresponding to vˆ=0, no penetra-
tion condition.
uˆ can be written as
uˆ =
ˆ
y
= b0 + 
n=1
	
bn cos2n
x1 − 2n
ye−2n
y . 22
The boundary conditions of uˆ on the perfect-slip and no-slip
regions become
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2 − 
n=1
	
4bnn
 cos2n
x = 0, for 0 x /2 23
and
b0 + 
n=1
	
bn cos2n
x = 0, for /2 x 1/2, 24
respectively. If we let 2bn=an, Eqs. 23 and 24 are identi-
cal to Eqs. 7 and 8. In other words, bn=an /2. The effec-
tive transverse slip length  deduced from the increase in
the flow rate due to the slip is equal to a0 /4 or = /2.27
III. STREAMING POTENTIAL
A superhydrophobic surface bears a zeta potential NS on
the liquid-solid interface and S on the liquid-gas interface.
Excess counterions inside the EDL are transported by a
pressure-driven flow via convection. Such electroconvection
forms an electric current termed streaming current.
A. Longitudinal stripes
The streaming current can be written as
JS = 2

y=0
	 

x=0
x=1/2
eudxdy , 25
where e, the charge density, is equal to 2 /22. In the case
of the thick channel =1 /H1, the higher order term
y2 in the velocity expression equation 5 can be ne-
glected. Including Eqs. 3, 5, and 6 into Eq. 25 and
accounting for the orthogonality of cosine functions, one can
readily integrate Eq. 25 into a series,
JS =  4
2
¯1 + 
+ 
n=1
	 2S − NSsinn

n

an
2n
 + 2 + 2n
2	 .
26
In the absence of an external electrical load, to maintain the
conservation of the current, an electric potential termed
streaming potential is built and generates a conduction cur-
rent inside the channel. The electric field generated by the
streaming potential can be written as −. At steady state, to
balance the streaming current, the streaming electric field has
to satisfy
JS − S   = 0. 27
Above, S is the area of the cross section and  is the con-
ductivity of the fluid. Here we neglect surface conduction
over the superhydrophobic surface since the Dukhin number,
characterizing the relative importance of surface conduction
against the bulk conductivity, is much less than 1 when
¯1.
Finally, the streaming potential across the thick channel
over a periodic cell can be readily derived from Eqs. 26 and
27,
 =
1
S 42¯1 + 
+ 
n=1
	 2S − NSsinn

n

an
2n
 + 2 + 2n
2	 .
28
B. Transverse stripes
As pointed out in Brunet and Ajdari,37 due to the aniso-
tropic nature of the superhydrophobic surface, the streaming
current is not uniform along the transverse stripes. A modu-
lation of the streaming current along the axial direction re-
sults in current exchange with the bulk to maintain the
charge conservation. Integrating along y alone is not suffi-
cient to calculate the streaming potential. Instead, one can
average the streaming current over one periodic cell to obtain
a net response of the streaming potential to the pressure
gradient.37
Including Eqs. 3, 5, and 22 into Eq. 25 and ac-
counting for the orthogonality of cosine functions, again one
can readily integrate Eq. 25 into a series,
JS =  4
2
¯1 + 
+ 
n=1
	
S − NSsinn

n

an2 + 2n
2
2n
 + 2 + 2n
22 .
29
The net streaming potential over a periodic cell becomes
 =
1
S 42¯1 + 
+ 
n=1
	
S − NSsinn

n

an2 + 2n
2
2n
 + 2 + 2n
22 .
30
IV. DISCUSSIONS
To understand the role of the slip, the streaming potential
equations 28 and 30 are compared against that over a
uniformly charged no-slip surface bearing the zeta potential
NS, which is equal to
NS =
4
S2
NS. 31
The ratio of Eq. 28 to Eq. 31 defined as  characterizing
the possible enhancement of the streaming potential over a
longitudinal superhydrophobic surface is
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 =  ¯
NS
1 + 
+ 2
n=1
	
S/NS − 1sinn

2n

an
2n
 + 2 + 2n
2	 .
32
The ratio of Eq. 30 to Eq. 31, , is
 = ¯
NS
1 + 
+ 2
n=1
	
S/NS − 1sinn

4n

an2 + 2n
2
2n
 + 2 + 2n
22 .
33
A. Thin electric double layer limit
In the thin-EDL limit →	, Eq. 32 can be further
reduced. The terms in Eq. 32 can be expanded in terms of
1 /,
an
2n
 + 2 + 2n
2
=
an

1 − 2n


	 + O 1

	2 . 34
Substituting Eq. 34 into Eq. 32, we have
 =
¯
NS
1 +  + S/NS − 1

n=1
	 sinn
2n
 an − sinn
an	 . 35
To evaluate Eq. 35, one can integrate Eq. 7 from 0 to  /2
and Eq. 8 from  /2 to 1/2, respectively,

n=1
	
sinn
an =  36
and

n=1
	
sinn

n

an = 1 − a0. 37
Substituting Eqs. 36 and 37 into Eq. 35, replacing
¯= 1−NS+S, and after some algebraic derivation, one
obtains
 = 1 + 
S
NS
. 38
Similarly, the transverse enhancement ratio  can also be
reduced at the thin-EDL limit →	. The terms in Eq. 33
can be expanded in terms of 1 / as well,
an2 + 2n
2
2n
 + 2 + 2n
22
=
an

1 − 22n


	 + O 1

	2 .
39
Then Eq. 33 becomes
a =
¯
NS
1 +  + S/NS − 1

n=1
	  sinn
4n
 an − sinn
an	 . 40
Substituting Eqs. 36 and 37 into Eq. 40, replacing ¯
= 1−NS+S, and considering =a0 /4, one obtains
 = 1 + 
S
NS
. 41
Equations 38 and 41 are exactly the same as the enhance-
ment ratio of the electro-osmotic mobility over a superhydro-
phobic surface to that over a homogeneously charged no-slip
surface see also the Appendix.31,32 Notice that =2.
The enhancement ratio of the streaming potential is different
for longitudinal and transverse stripes. Similar to the hydro-
dynamic slip over a superhydrophobic surface,21 in general 
is a tensor. The enhancement depends on the orientation of
the stripped pattern.
For uncharged liquid-gas interfaces S=0, Eqs. 38
and 41 are both equal to 1. There is no enhancement of the
streaming potential due to the slip. In other words, the
streaming potential is precisely the same as that over a ho-
mogeneously charged no-slip surface, regardless of the area
fraction of the no-shear region . As pointed out before, the
streaming potential is generated by the interaction of a
pressure-driven flow and excess ions inside the EDL. On one
hand, the superhydrophobic surface boosts the flow rate, at-
tempting to increase the streaming potential. On the other
hand, the uncharged liquid-gas interface reduces the amount
of excess ions inside the EDL, leading to a decrease of the
streaming potential. In the thin-EDL limit, apparently the
loss of the streaming potential over a superhydrophobic sur-
face owing to the uncharged liquid-gas interface exactly can-
cels out the gain of the streaming potential by the increase of
the flow rate. Similarly, there is also no enhancement of
electro-osmotic flows over superhydrophobic surfaces with
uncharged liquid-gas interfaces.31,32
B. Thick electric double layer limit
We now turn to the opposite limit: thick EDLs, where
→	. In the case of thick EDLs, one can immediately ne-
glect the terms containing higher order  in Eqs. 32 and
33 and have
, =
¯
NS
1 + , . 42
Again Eq. 42 is precisely the same as the electro-osmotic
mobility over a superhydrophobic surface in the thick-EDL
limit Appendix.32
C. Charged liquid-gas interface
Equations 38 and 41 indicate that in the limit of thin
EDLs the increase of the streaming potential due to the slip
is only observed when the liquid-gas interface is charged.
There are experimental evidences and molecular dynamic
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simulations supporting that the water-air interface is nega-
tively charged due to excess OH−.38,39 The zeta potential of a
water-air interface was measured to be in the range of 30
to 65 mV.40–44
For a uniformly charged surface NS=S, a simple ex-
pression can be immediately obtained from Eqs. 32 and
33 for an arbitrary EDL length,
, = 1 + ,. 43
This result indicates that when the zeta potential is constant
over the entire surface, the streaming potential is given by
the same formula assuming that the surface has an isotropic
slip length .45,46 The streaming potential does not depend
on the specific nature of the structure of the superhydropho-
bic surface as long as the surface is uniformly charged and
has the same effective slip length . It is readily explained:
when the surface is uniformly charged, only the hydrody-
namic flow makes a difference in the streaming potential.
When each surface has the same effective slip length, the
enhancement of the flow rate stays the same and so does the
streaming potential.
When the charge distribution is not homogeneous, the
enhancement of the streaming potential is still likely. Particu-
larly, in the limit of thin EDLs, such enhancement can be
remarkable. Figure 2 depicts  as a function of  for longi-
tudinal stripes when =100, S /NS=0.1, and NS=−0.1.
Figure 2 suggests that with charged liquid-gas interfaces the
enhancement can be observed. Even when S NS, the
streaming potential can still be significantly enhanced by in-
creasing the area fraction of the liquid-gas interface .
To examine the effect of double layer thickness on the
enhancement of the streaming potential, Figs. 3 and 4 respec-
tively plot  as a function of  :S /NS=0.5 dotted-dashed
line, S /NS=1 dashed line, and S /NS=2 solid line for
longitudinal stripes and transverse stripes when =1 /2 and
NS=−0.1. In Figs. 3a and 4a the liquid-gas interface is
uncharged. As the double layer thickness decreases  in-
creases,  asymptotically increases from its thick-EDL limit
0.5 to its thin-EDL limit 1. For charged liquid-gas inter-
faces, the enhancement is still possible for a broad range of
double layer thickness.
Both Figs. 3 and 4 suggest that the enhancement due to
the slip decreases as the double layer thickness increases. In
particular, when the double layer thickness 1 / is larger
than the slip length , the enhancement of the streaming
potential is only possible when the zeta potential of the
liquid-gas interface is comparable to that of the liquid-solid
interface. It can be explained: when the slip length is smaller
than the double layer thickness, excess counterions contrib-
uting to the streaming current spread out in a much larger
region where the hydrodynamic slip has only a marginal im-
pact, while the less charged liquid-gas interface decreases the
charge density within the double layer, leading to a smaller
streaming current. Therefore, it is not surprising that the en-
hancement of the streaming potential can be lost in thick
EDLs even for certain charged liquid-gas interfaces.
D. The Onsager relation
The Onsager relation predicts that the streaming current
per p is the same as the electro-osmotic mobility for a
linear electrohydrodynamic response.1,47 Under the thin
double layer assumption, the Onsager relation was proved to
be valid for complex geometries with nonslip surfaces and
arbitrary zeta potential distribution.37 However, there is no
general proof for an arbitrary double layer thickness and an
anisotropic slip condition. Interestingly, Eqs. 38 and 41–
43 are the same as the enhancement ratio of the electro-
osmotic mobility over superhydrophobic surfaces,32 proving
that the Onsager relation holds for thin and thick EDLs and
FIG. 2. Color online  as a function of  for longitudinal stripes when
=100, S /NS=0.1, and NS=−0.1.
FIG. 3. Color online  as a function of  for longitudinal stripes. a
S /SN=0; b S /NS=0.5 dotted-dashed line, S /NS=1 dashed line, and
S /NS=2 solid line; when =1 /2 and NS=−0.1. The lines and symbols
correspond, respectively, to the enhancement ratios of streaming potential
and electro-osmotic mobility due to the slip.
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homogeneously charged surfaces. However, we still cannot
strictly prove that in general the Onsager relation is valid for
superhydrophobic surfaces.
Instead, we compared the enhancement ratio of the
streaming potential to its counterpart of the electro-osmotic
mobility for various conditions. In Figs. 3 and 4, the lines
and symbols correspond, respectively, to the enhancement
ratios of streaming potential and electro-osmotic mobility
due to the slip. Figure 5 depicts the enhancement ratio  as a
function of  for different area fraction of the liquid-gas
interface  for both longitudinal Fig. 5a and transverse
stripes Fig. 5b. Again the lines and symbols correspond,
respectively, to the enhancement ratios of streaming potential
and electro-osmotic mobility due to the slip. The excellent
agreement between these two ratios suggests that the On-
sager relation appears to be valid for an arbitrary double
layer thickness despite that we cannot prove it. The results
are remarkable since it appears that the Onsager relation can
be extended to a superhydrophobic surface for an arbitrary
double layer thickness.
V. CONCLUSION
We analyzed the streaming potential over a patterned
superhydrophobic surface with periodically distributed re-
gions of no-shear and no-slip in the limit of small zeta po-
tentials. We derived a general solution for an arbitrary EDL
thickness and an area fraction of the no-shear region for both
longitudinal and transverse stripes. In the limits of thin and
thick EDLs, simple expressions were also given. The inter-
play between the enhancement of the flow rate and the effect
on excess counterions inside the EDL due to trapped bubbles
determines the magnitude of the streaming potential. In gen-
eral, the enhancement ratio  is a tensor. The enhancement
depends on the orientation of the stripped pattern. Our main
conclusion is that in contrast to the case of the flow rate the
enhancement of the streaming potential over a superhydro-
phobic surface is only possible under certain conditions.
When the liquid-gas interface is uncharged, the stream-
ing potential over a superhydrophobic surface is smaller than
or equal to that over a uniformly charged no-slip surface
bearing the same zeta potential. On the contrary, for a uni-
formly charged superhydrophobic surface, the streaming po-
tential can be possibly enhanced by several orders of magni-
tude, suggesting that a novel fluidic system exploring
superhydrophobic surfaces with applications to energy con-
version is only feasible with charged liquid-gas interfaces.
Furthermore, the enhancement decreases as the double layer
thickness increases. For a less charged liquid-gas interface,
the enhancement can be lost at thick EDLs.
Under the assumption of small zeta potentials, the On-
sager relation which directly relates the magnitude of electro-
osmotic effect to that of the streaming current effect was
explicitly proved to be valid for thin and thick EDLs and a
homogeneously charged superhydrophobic surface. With re-
spect to an arbitrary double layer thickness, the enhancement
ratio of the streaming potential was compared against the
ratio of the electro-osmotic mobility computed numerically
for different area fraction of the liquid-gas interface and
FIG. 4. Color online  as a function of  for transverse stripes. a
S /NS=0; b S /NS=0.5 dotted-dashed line, S /NS=1 dashed line, and
S /NS=2 solid line; when =1 /2 and NS=−0.1. The lines and symbols
correspond, respectively, to the enhancement ratios of streaming potential
and electro-osmotic mobility due to the slip.
FIG. 5. Color online  as a function of  for =2 /3 solid line, =1 /2
dashed line, and =1 /3 dotted-dashed line; when S /NS=0.5 and NS
=−0.1. a Longitudinal stripes. b Transverse stripes. The lines and sym-
bols correspond, respectively, to the enhancement ratios of streaming poten-
tial and electro-osmotic mobility due to the slip.
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S /NS. The excellent agreements between these two ratios
indicated that the Onsager relation seems to be applicable for
arbitrary superhydrophobic surfaces. This conclusion is use-
ful since one can directly extend the results of the streaming
current to the electro-osmotic mobility or vice verse.
Here we assumed that the zeta potential of the entire
surface is much smaller than the thermal potential so that the
Debye–Huckel approximation can be applied. In the limit of
small zeta potentials, surface conduction is negligible. When
the surface is moderately or highly charged, the surface con-
duction may play a role and complicate the streaming poten-
tial even with uncharged liquid-gas interfaces. At moderate
or large zeta potentials, it is generally true that the streaming
current with uncharged liquid-gas interfaces is smaller than
that over a homogeneously charged no-slip surface. But  in
Eq. 27 consisting of both bulk conductivity and surface
conduction of a superhydrophobic surface is also smaller
than that over a no-slip surface since the uncharged liquid-
gas interface yields almost zero surface conduction over the
no-shear region. Notice that the streaming potential, propor-
tional to 1 /, is not solely determined by the streaming cur-
rent any more. Such effect of surface conduction on the
streaming potential may deserve further attention and cer-
tainly is in order for future consideration.
APPENDIX: THE ELECTRO-OSMOTIC MOBILITY
OVER TRANSVERSE STRIPES
In this appendix, we present a detailed derivation of the
enhancement ratio of the electro-osmotic mobility over trans-
verse stripes. For transverse stripes, the pressure gradient de-
pends on the axial variable x and it is convenient to define a
streamfunction x ,y by
u =

y
, v = −

x
. A1
Above, the velocity scale is E0RT /F where E0 is the ex-
ternal electric field.
To determine the streamfunction , we can first calculate
the vorticity  since the streamfunction  satisfies
2 =  . A2
The vorticity obeys the following equation:
2 = 2
V
y
. A3
Thus,
4 = 2
V
y
. A4
The general solution is
 = c0 + u0y + 
n=1
	
cos2n
xPne−2n
y + Qnye−2n
y
+
1
2
V
y
. A5
Since =0 at y=0, we have
 = c0 + 
n=1
	
Pn cos2n
x −
¯

−
1
2

n=1
	
2 + 2n
2Bn cos2n
x = 0. A6
Thus, Pn=2+ 2n
2Bn /2 where Bn=2S−NS
sinn
 /n
. The axial velocity is
u =

y
= u0 + 
n=1
	
cos2n
x
− Pn2n
e−2n
y + Qne−2n
y − 2n
ye−2n
y
+
1
2
2V
y2
A7
or
u =

y
= u0 + 
n=1
	 − Pn2n
e−2n
y
+ Qne−2n
y − 2n
ye−2n
y
+ 2n
2 + 2Bne−2n
2+2y
2
	
cos2n
x + ¯e−y . A8
On the superhydrophobic surface,

n=1
	
cos2n
x− 2n
2 + 2Bn + Qn− 4n
 − ¯
= 0, 0 x /2 A9
and
u0 + 
n=1
	
cos2n
x− 2n
2 + 2n
2Bn
2
+ Qn
+
2n
2 + 2Bn
2
 + ¯ = 0, /2 x 1/2.
A10
At the thin-EDL limits →	, 2n
 /→0, and
2n
2+2 /→1, Eqs. A9 and A10 become

n=1
	
− 4n
Qn cosnx − S = 0, 0 x /2 A11
and
u0 + 
n=1
	
Qn cosnx + NS = 0, /2 x 1/2, A12
since =¯+n=1
	 Bn cosnx. Equations A11 and A12 can
be readily integrated,36
u0 + NS = − S, A13
or ME, the enhancement ratio of the electro-osmotic mobility
due to the slip, is
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ME =
u0
− NS
= 1 + 
S
NS
. A14
In the limit of thick EDLs, →0.
The terms in Eq. A10 can be expanded in terms of ,
−
2n
2 + 2n
2Bn
2
+
2n
2 + 2Bn
2
= 2n
2 + 22n
2 + 2 − 2n
Bn
2
=
2n
2 + 2Bn
2
2n
1 +  2n
	2 − 1
=
2n
2 + 2Bn
2
2n

1
2 2n
	
2
+ o3 . A15
When →0, 2n
2+2 /2n
→1. Thus, Eq. A10 be-
comes
u0 + 
n=1
	
cosnxQn + Bn2 	 + ¯ = 0. A16
Equation A9 can be changed to

n=1
	
− 4n
 cos2n
xQn + Bn2 	 − ¯ = 0. A17
Therefore, Eqs. A16 and A17 can be readily solved,
ME =
¯
NS
1 +  . A18
For an arbitrary , Eqs. A9 and A10 have to be solved
numerically to compute ME. To calculate coefficients Qn, we
truncate the dual series equations at QN−1, multiple
cos 2m
xmN with Eqs. A9 and A10, and integrate
them along their respective domains. The resulting linear
system is then solved and the solution converges upon trun-
cation refinement.
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